Home

Search

Collections

Journals

About

Contact us

My IOPscience

An analysis of the accuracy of magnetic resonance flip angle measurement methods

This content has been downloaded from IOPscience. Please scroll down to see the full text.
2010 Phys. Med. Biol. 55 6157
(http://iopscience.iop.org/0031-9155/55/20/008)
View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 155.98.164.38
This content was downloaded on 23/07/2014 at 14:58

Please note that terms and conditions apply.

IOP PUBLISHING

PHYSICS IN MEDICINE AND BIOLOGY

Phys. Med. Biol. 55 (2010) 6157–6174

doi:10.1088/0031-9155/55/20/008

An analysis of the accuracy of magnetic resonance flip
angle measurement methods
Glen R Morrell1 and Matthias C Schabel
Utah Center for Advanced Imaging Research, Radiology Department, University of Utah,
Salt Lake City, UT, USA
E-mail: glen.morrell@hsc.utah.edu

Received 3 May 2010, in final form 20 August 2010
Published 29 September 2010
Online at stacks.iop.org/PMB/55/6157
Abstract
Several methods of flip angle mapping for magnetic resonance imaging have
been proposed. We evaluated the accuracy of five methods of flip angle
measurement in the presence of measurement noise. Our analysis was
performed in a closed form by propagation of probability density functions
(PDFs). The flip angle mapping methods compared were (1) the phasesensitive method, (2) the dual-angle method using gradient recalled echoes
(GRE), (3) an extended version of the GRE dual-angle method incorporating
phase information, (4) the AFI method and (5) an extended version of the
AFI method incorporating phase information. Our analysis took into account
differences in required imaging time for these methods in the comparison of
noise efficiency. PDFs of the flip angle estimate for each method for each
value of true flip angle were calculated. These PDFs completely characterize
the performance of each method. Mean bias and standard deviation were
computed from these PDFs to more simply quantify the relative accuracy of
each method over its range of measurable flip angles. We demonstrate that the
phase-sensitive method provides the lowest mean bias and standard deviation
of flip angle estimate of the five methods evaluated over a wide range of flip
angles.
(Some figures in this article are in colour only in the electronic version)

Introduction
The excitation flip angle in MRI varies across the imaging volume because of inhomogeneity
of the transmit radio-frequency (RF) field (B1). Precise measurement of flip angle allows
correction of spatial variations in image intensity (Axel et al 1987, McVeigh et al 1986,
Moyher et al 1995, Roemer et al 1990), has important applications in T1 mapping and
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quantitation of absolute contrast concentration in dynamic contrast-enhanced MRI (Deoni
et al 2003, Schabel and Morrell 2009, Schabel and Parker 2008) and is necessary for parallel
transmission (Katscher et al 2003, Zhu 2004), where individual RF coil field maps are needed
for RF waveform calculation.
Several methods of flip angle mapping have been proposed, which differ in their sensitivity
to noise in the image data on which flip angle estimates are based. The accuracy of each method
varies with the actual flip angle. The most complete characterization of the performance of a
flip angle mapping method is the probability density function (PDF) of the flip angle estimate it
produces for a given true flip angle and given system SNR. We have evaluated the performance
of flip angle mapping methods by deriving the PDF of the flip angle estimate produced by each
method for each of a range of values of true flip angle, for a few different values of system
SNR. From these PDFs we have also calculated the mean bias and standard deviation of the
flip angle estimates, as a simpler but less complete way of portraying their accuracy.
We evaluate the accuracy of five methods of flip angle measurement:
(1) The phase-sensitive method, which uses the phase difference between two acquisitions as
a measure of actual flip angle (Morrell 2008).
(2) The gradient recalled echo (GRE) dual-angle method in which two acquisitions are
performed with different nominal flip angles (Cunningham et al 2006, Insko and Bolinger
1993, Kerr et al 2007, Stollberger and Wach 1996).
(3) A modified dual-angle GRE method which takes the phase of the acquisitions into account
(Insko and Bolinger 1993), which we refer to as the ‘extended dual-angle method.’
(4) The ‘actual flip angle imaging’ (AFI) method (Yarnykh 2007), which utilizes two
acquisitions interleaved in a GRE sequence with equal flip angle but different TR.
(5) A modified AFI method which takes the phase of the acquisitions into account, which we
refer to as the ‘extended AFI method.’
Each of these methods is evaluated by calculating the PDF of the flip angle estimate obtained
by the method for a range of values of the actual flip angle, based on corruption of the source
MR image with Gaussian white noise. The mean bias and standard deviation of error for the
five methods are compared.
One previous study has been performed (Wade and Rutt 2007) comparing B1 mapping
methods with Monte Carlo simulation. That study showed an advantage to the phase-sensitive
method, but details of implementation of the phase-sensitive method were different than that
proposed in Morrell (2008), which appeared in print later. No analysis by propagation of PDFs
was performed in Wade and Rutt (2007). We have previously presented a subset of the current
work (Morrell and Schabel 2009). This paper develops the concepts suggested in Morrell and
Schabel (2009) and adds comparison to the extended GRE and extended AFI methods.
Theory
Each of the five methods of flip angle mapping uses an excitation scheme that encodes
information about the actual flip angle in image data. In the case of the dual-angle GRE
methods and the AFI methods, the information about the actual flip angle is encoded in the
ratio of the magnitudes of two image acquisitions. In the case of the phase-sensitive method,
the flip angle information is encoded in the phase of the image acquisitions. The corruption
of acquired image data by measurement noise limits the accuracy with which flip angle may
be determined. We evaluate the impact of this noise on the various methods by calculating
the PDF of the flip angle estimate obtained by each method for each of a range of actual flip
angles. Our starting point is the assumption that image data are corrupted with Gaussian white
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noise, with variance determined by the system SNR, as defined in appendix A.1. From this
we derive the PDF of the magnitude of each acquisition for the dual-angle and AFI methods
or the phase of each acquisition for the phase-sensitive method. The derivation of magnitude
and phase PDFs is given in appendix A.2. The PDF is then propagated through the function
used by each method to estimate the flip angle from the measured quantity. The result is the
PDF of the flip angle estimate.
Phase-sensitive B1 mapping method
The phase-sensitive method of flip angle measurement (Morrell (2008)) forms an image after
a 2α flip about the x-axis followed immediately by an α flip about the y-axis, and the phase
of this image is measured. A second image is formed from an acquisition with the 2α initial
excitation reversed in sign. The phase of this image is also measured. The difference in phase
between the two is a monotonic function of the flip angle α from which α can be calculated.
Details of the derivation of the PDF of the flip angle estimate for the phase-sensitive method
are given in appendix A.3.
Dual-angle method with GRE
In the dual-angle method with GRE, two images are formed. The first image is acquired after
excitation with a flip angle α and has magnitude proportional to sin(α). The second image is
acquired after excitation with a flip angle 2α and has magnitude proportional to sin(2α). The
ratio of the two acquisitions is formed giving
1
sin α
=
,
(1)
r=
sin 2α
2 cos α
from which the flip angle α can be calculated. The details of the derivation of the PDF of the
flip angle estimate for the dual-angle GRE method are given in appendix A.4.
Extended dual-angle GRE method
In the dual-angle GRE method, flip angles from 180◦ to 90◦ give magnitude ratios equal to
those obtained for flip angles between 0◦ and 90◦ , symmetric about 90◦ . For instance, the
signal magnitude ratio for α = 70◦ , 2α = 140◦ is the same as that for α = 110◦ , 2α = 220◦ .
For this reason, the dual-angle GRE method is only valid over a range of flip angles α from
0◦ to 90◦ . However, the dual-angle GRE method can be extended to a range of flip angles α
from 0◦ to 180◦ by examining the phase of the two acquisitions. For flip angles α from 0◦
to 90◦ , the two acquisitions have the same phase, while for flip angles from 90◦ to 180◦ the
phase of the two acquisitions differs by 180◦ . Thus by examining the relative phase of the two
acquisitions, a range of flip angles from 0◦ to 180◦ can be mapped. We have designated this
approach the ‘extended dual-angle GRE’ method. The derivation of the PDF of the flip angle
estimate for the extended dual-angle GRE method is detailed in appendix A.5.
AFI method
In this method two images are formed during a single sequence in which spoiled GRE
acquisition is performed from alternating α excitations following two different repetition
times TR1 and TR2, with TR2 > TR1. The ratio r of the magnitudes of the two images is
formed and the flip angle α is estimated as


−1 rn − 1
,
(2)
α ≈ cos
n−r
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where n = TR2 /TR1 . Appendix A.6 contains the details of the derivation of the PDF of the
flip angle estimate for the AFI method.
Extended AFI method
The AFI method gives flip angle estimates in a range of 0◦ to about 104◦ . The exact value of
the maximum measurable flip angle depends on T1 and on the choice of TR1 and TR2. Above
this range, the method gives erroneous estimates in a manner similar to the dual-angle GRE
method, in this case being roughly symmetric about the maximum angle of about 104◦ rather
than 90◦ . Flip angles from about 105◦ to 180◦ will give estimates ranging roughly from about
104◦ to 0◦ . However, similar to the dual-angle GRE method, the AFI method gives signal
acquisitions which are in phase for flip angles from 0◦ to about 104◦ , and opposite in phase
for flip angles from about 104◦ to 180◦ . If this phase is taken into account, a range of 0◦ to
180◦ can be measured. The derivation of the PDF of the flip angle estimate for the extended
AFI method is given in appendix A.7.
SNR efficiency
The dual-angle and phase-sensitive methods of B1 mapping require a somewhat long TR to
allow signal regeneration after presaturation. In the case of the phase-sensitive method, this
presaturation is required because the excitation used in the phase-sensitive B1 mapping method
leaves some residual longitudinal magnetization Mz which varies as a function of true flip
angle α. Variation of Mz is not usually a problem since the flip angle estimate depends on
the phase of the transverse magnetization, not its amplitude. However, for some flip angles
the residual Mz may be negative, which could alter the sign of the phase of the subsequent
excitation. For this reason, a presaturation pulse is used to reset Mz to zero at the end of
each acquisition. The dual-angle GRE method is also implemented with a presaturation
pulse (Cunningham et al 2006) or very long TR to eliminate T1 dependence of the flip angle
estimate. In contrast, the AFI method can operate with short TR. Therefore, comparison of
these methods requires that their TR requirements be taken into account. This is done by
simulating multiple signal averages for the AFI techniques, or equivalently, decreasing the
standard deviation of the image noise for the AFI techniques compared to the phase-sensitive
and dual-angle methods. This is discussed in more detail below for the specific choice of
parameters used in our analysis.
Methods
For each of the five methods of flip angle measurement, the PDF of the flip angle estimate
was calculated for a range of actual flip angles. The PDFs were calculated according to the
equations given in appendixes A.3 through A.7 with custom scripts in MATLAB (Mathworks,
Natick, MA). The mean bias and standard deviation of the flip angle estimates were also
calculated for comparison.
Choice of parameters for comparison
The accuracy of the dual-angle methods and the phase-sensitive method depends in part on the
choice of TR and the T1 of the sample, as these will affect the longitudinal magnetization Mz−
available for each excitation. Assuming a sequence repetition time TR and a minimum amount
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of time TRmin required to complete the excitation, readout and presaturation pulse, a time TR–
TRmin is available before each excitation for regeneration of the longitudinal magnetization
Mz . Given an equilibrium longitudinal magnetization M0, the longitudinal magnetization Mz−
available at the beginning of excitation is
Mz− = M0 (1 − e−(TR−TRmin )/T1 ).

(3)

Thus, the magnitude of the image depends on the T1 of the sample being imaged. The image
magnitude will affect the variance of the flip angle estimate. For the AFI method, TR and
T1 have more complex effects on the flip angle estimate, with increasing systemic error in
estimation for shorter T1. For purposes of direct comparison of flip angle mapping methods,
concrete choices of sequence parameters and sample properties must be made. We have
chosen to implement the AFI method with TR1 = 30 ms and TR2 = 150 ms, as suggested in
Yarnykh (2007). This gives a total sequence TR of 180 ms. The dual-angle techniques and
the phase-sensitive technique have TR requirements similar to each other, as both incorporate
presaturation to reset Mz prior to each excitation. We have chosen a TR of 540 ms for both of
these methods, which is in line with implementations described in Cunningham et al (2006)
and Morrell (2008). A minimum repetition time TRmin is required for excitation, readout
(typically echo-planar or spiral) and presaturation. We have set TRmin to 40 ms, giving a
regeneration interval of TR–TRmin = 500 ms for presaturation recovery. Since the dual-angle
and phase-sensitive techniques require two complete acquisitions, each of which takes three
times the duration of the AFI technique (180 ms ∗ 3 = 540 ms), the signal acquired in the AFI
method is averaged six times, giving a decrease
in the standard deviation of the measurement
√
noise for the AFI method by a factor of 6. The performance of the phase-sensitive method
varies somewhat with off-resonance frequency. For this analysis, we assume no off-resonance.
Out-of-bounds measurements
Each of the flip angle estimation methods measures a quantity on which flip angle estimates
are based. For the phase-sensitive method, this quantity is the difference in phase between
two images. For the dual-angle and AFI methods, this quantity is the ratio of the magnitude
of two images. In all of the methods, the measured quantity has an allowed range. For
instance, there is no flip angle for which the ratio of acquisitions in the AFI methods or
dual-angle methods can theoretically exceed 1. Since the actual measurements are corrupted
by noise, some measurements will fall into a range that is not theoretically possible and which
does not generate a valid flip angle measurement. We denote these measurements as ‘out of
bounds.’ We have dealt with out-of-bounds measurements in our analysis by discarding these
measurements and renormalizing the PDF to have area 1 over the range of valid flip angles.
Another approach would be to accept out-of-bounds measurements but assign them to the flip
angle which would be most likely to give this measurement, i.e. a ratio greater than 1 would
map to a flip angle estimate of 0◦ for the AFI method and 90◦ for the non-extended dual-angle
method.
Range of the flip angle estimation method
The dual-angle GRE technique is valid over a range of flip angles from 0◦ to 90◦ . The AFI
technique is valid over flip angles from 0◦ to approximately 100◦ . The extended dual-angle,
extended AFI and phase-sensitive methods are valid from 0◦ to 180◦ . To allow fair comparison,
each method is evaluated over a range of 0 to 2α nom, where α nom represents the middle of the
valid range for that method. For the double angle method α nom = 45◦ , for the AFI method
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Figure 1. Probability density functions (PDFs) for flip angle estimates obtained by five flip angle
measurement techniques over a range of actual flip angles for two values of the system SNR. Each
image represents a set of PDFs for multiple actual flip angles for a given measurement method. A
single vertical line from each image represents the PDF for the flip angle estimate at a particular
actual flip angle. A perfect flip angle measurement technique would appear as a line along the
diagonal. The top row shows the flip angle estimate PDFs for a system SNR of 50, while the
bottom row shows the PDFs for a system SNR of 10. Difference in required imaging time for
the AFI methods has been taken into account in these results, i.e. the PDFs shown for the AFI
method and the extended AFI method represent flip angle estimates formed from the average of six
signal acquisitions. Results are expressed in terms of a nominal flip angle α 0 at the middle of the
measurable range for each method. For the phase-sensitive method and the extended dual-angle
and extended AFI methods, α 0 = 90◦ . For the standard (non-extended) dual-angle method, α 0 =
45◦ , and for the standard AFI method α 0 = 50◦ .

α nom = 50◦ , and for the extended dual-angle, extended AFI and phase-sensitive methods
α nom = 90◦ .
Effect of T1 on flip angle measurement accuracy
To investigate the effect of variations in T1 on the accuracy of the five methods, each method
was simulated with T1 values of 200 ms, 500 ms and 800 ms.
Accuracy criteria
The PDF of the flip angle estimate a gives complete information on the accuracy of each
method. Some insight into the specific features of the performance of each method is gained
by examining the PDFs of the flip angle estimates for a range of actual flip angles, as in
figure 1. For ease of depiction, the mean and standard deviation of the flip angle estimate are
also calculated from the PDF. The likelihood of an out-of-bounds measurement for a given
actual flip angle is also depicted.
Verification with Monte Carlo simulation
The PDF formulas presented above were verified by Monte Carlo simulation of flip angle
estimation with each method for two values of system SNR. Histograms of the flip angle
estimate under Monte Carlo simulation were compared to plots of the equations and found to
agree.
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Results
The performance of each method of flip angle measurement is most easily visualized by
inspection of the PDF of the flip angle estimate for each of a range of actual flip angles. This
is depicted in figure 1 for all five methods at two different values of system SNR for T1 of
500 ms. In this figure, the PDFs are portrayed as an image, with each vertical column of
image pixels representing the PDF of the flip angle estimate for a given actual flip angle so
that a perfect flip angle estimation method would be represented by a line along the diagonal.
Figure 1 shows that the phase-sensitive method most closely approaches this ideal, followed
by the extended dual-angle method and the extended AFI method, with the non-extended
dual-angle and AFI methods giving the worst results.
For ease of comparison, the mean bias and standard deviation of the flip angle estimates
for all five methods at two different values of system SNR are plotted in figures 2 and 3.
These plots show that both the mean bias and standard deviation of the flip angle estimate
are lowest for the phase-sensitive method over most of the range of flip angles. The standard
dual-angle and AFI methods both give large mean bias at low flip angles and become more
accurate with increasing flip angle. The PDFs illustrated in figure 1 show that at low flip
angles these two methods may give little useful information about the actual flip angle. In
contrast, the phase-sensitive and extended dual-angle and AFI methods show performance
which is relatively symmetric about α 0. None of the methods performs well for flip angles
near zero.
Figure 4 shows a plot of the probability of an ‘out-of-bounds’ measurement for each
of the five methods over a range of actual flip angles. The probability of an out-of-bounds
measurement becomes significant for all of the methods at very low flip angles, but is generally
lower for the phase-sensitive method than the other methods over a wide range of flip angles.
Out-of-bounds measurements are also possible at the upper limit of the range of flip angles
for the phase-sensitive and extended dual-angle and AFI methods.
Figure 5 shows the effect of variation in T1 on the accuracy of each method, with mean
bias and standard deviation of the flip angle estimates plotted for T1 values of 200 ms, 500 ms
and 800 ms.
Figure 6 demonstrates a typical Monte Carlo simulation result for one flip angle
measurement method at one SNR for one actual flip angle compared to the closed form
equations. Similar comparison was made for the entire range of actual flip angles with all five
methods at two different values of system SNR, verifying the correctness of the equations.

Discussion
Accuracy of flip angle mapping methods
The phase-sensitive method of flip angle measurement gives lower mean bias and lower
standard deviation of flip angle estimates over a wide range of flip angles when compared
with the other four methods considered here. After the phase-sensitive method, the extended
dual-angle and extended AFI methods have the next best performance. Both the dual-angle
and AFI methods are substantially improved by incorporating phase information from the
two signal acquisitions. Extending these methods to include phase information increases the
range of flip angles they can measure, and thus decreases the relative mean bias and standard
deviation of their flip angle estimates. Inspection of the PDFs shown in figure 1 reveals that the
extended dual-angle method never returns a flip angle estimate of 90◦ , and that the extended
AFI method never returns an estimate of 104◦ (for the given choice of sequence parameters).
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Figure 2. Mean bias of flip angle estimates for five methods of flip angle measurement. Panel A
shows the mean bias for a system SNR of 50. Panel B shows mean bias for SNR of 10. Panel C is
a zoomed-in view of panel A to show finer detail around zero. Panel D is a zoomed-in version of
panel B. For the phase-sensitive, extended dual-angle and extended AFI methods, α 0 = 90◦ . For
the dual-angle method, α 0 = 45◦ . For the AFI method, α 0 = 50◦ . Results for the AFI method and
the extended AFI method reflect six signal averages.

This idiosyncracy is caused by singularities in the functions g(r) which relate the measured
magnitude ratios r to the flip angle estimates. This example shows how the PDFs of the flip
angle estimate give a more complete picture of the performance of the various methods than
simply comparing their mean bias and standard deviation of error.
We have expressed the mean bias and standard deviation of the flip angle estimate obtained
by each method in terms of an angle α 0 in the middle of the measurable range of the method
rather than in units of degrees. These units seem to be most appropriate for actual flip angle
mapping scenarios. For instance, when mapping the flip angle achieved by a transmitting
surface coil, a method that can map flip angles from 0◦ to 180◦ with an accuracy of ±2◦ would
be more useful than a method that can map angles from 0◦ to 90◦ with the same absolute
accuracy of ±2◦ . The accuracy of the method relative to its entire usable range is usually
the important quantity since the assumption of a linear relationship between flip angle and
RF amplitude is routinely made. Therefore, the mean bias and standard deviation of flip
angle estimates are best expressed in terms of the entire dynamic range of the method used
rather than in absolute units such as degrees. There may be situations in which the absolute

Analysis of flip angle mapping methods

6165

Figure 3. Standard deviation of the flip angle estimate for five methods of flip angle measurement.
Panel A shows results for a system SNR of 50. Panel B shows results for a system SNR of 10. For
the phase-sensitive, extended dual-angle and extended AFI methods, α 0 = 90◦ . For the dual-angle
method, α 0 = 45◦ . For the AFI method, α 0 = 50◦ . Results for the AFI method and the extended
AFI method reflect six signal averages.

Figure 4. Probability of out-of-bounds measurement for various values of actual flip angle for the
five flip angle measurement methods. Panel A shows probability of out-of-bounds measurement
for SNR of 50. Panel B shows probability of out-of-bounds measurement for SNR of 10. For
the phase-sensitive, extended dual-angle and extended AFI methods, α 0 = 90◦ . For the dualangle method, α 0 = 45◦ . For the AFI method, α 0 = 50◦ . Results for the AFI method and the
extended AFI method reflect averaging of six signal acquisitions before determining whether the
measurement is out-of-bounds.

flip angle is important. In these situations, a method with larger dynamic range such as the
phase-sensitive method may have additional advantages beyond relative accuracy.
Effect of T1 on accuracy of flip angle estimates
The flip angle methods investigated vary in their sensitivity to T1. If used with short sequence
repetition time, the dual-angle methods are sensitive to T1 variations. For this reason, the dualangle methods are typically used with long TR or with presaturation before each excitation,
to make the T1 weighting of the images obtained with α and 2α flip angle excitations equal
so that they cancel out when the ratio of the two acquisitions is formed (Cunningham et al
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Figure 5. Effect of T1 on the accuracy of flip angle estimates obtained by the five methods.
Increasing T1 has the same effect on the phase-sensitive and dual-angle methods as decreasing the
system SNR. The effect of T1 on the accuracy of the AFI methods is more complicated.

2006). Our analysis has assumed presaturation. With this assumption, varying T1 affects the
dual-angle methods only by varying the longitudinal magnetization Mz− available after the
regeneration period before each excitation, as expressed in equation (3). Thus, varying the T1
has the same effect on the accuracy of the dual-angle methods as varying the system SNR.
For instance, an increase in T1 from 500 ms to 800 ms with a regeneration interval of 500 ms
results in a 26% decrease in the available signal, which is equivalent to a 26% decrease in the
system SNR.
The phase-sensitive method is insensitive to T1 variation, as the phase of the signal
does not vary with T1. For some flip angles, the longitudinal magnetization after the 2α-α
excitation may be negative. This could invert the phase of the subsequent excitation. To avoid
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Figure 6. Typical Monte Carlo simulation result verifying correctness of the closed form equations
used to calculate PDFs. This figure shows a histogram of flip angle estimates using the AFI
technique with six signal averages for an actual flip angle of 30◦ and a system SNR of 10, with
100 000 iterations. The solid line is the PDF calculated by the closed-form equations. Similar
agreement between Monte Carlo histograms and calculated PDFs was verified for all five methods
at 1◦ increments of flip angle over the measurable range of flip angles with two different values of
the system SNR.

this possibility, the phase-sensitive method has been implemented with presaturation (Morrell
2008). Our analysis has assumed presaturation. Thus, the effect of T1 variation on flip angle
estimates with the phase-sensitive method is the same as with the dual-angle methods, with
longer T1 decreasing the available magnetization Mz− , having the same effect as the lower
system SNR.
The AFI methods are affected by T1 in a more complicated fashion than the other methods.
Figure 5 shows the effect on mean bias and standard deviation of the flip angle estimate of
varying T1.
Effect of readout schemes on flip angle estimates
In practice, the phase-sensitive method and the dual-angle methods have been implemented
with presaturation and fairly long TR. This necessitates the use of fast readout schemes such
as echo-planar acquisition to maintain reasonable imaging times (Morrell 2008, Cunningham
et al 2006). In contrast, the AFI method has been implemented with rapid GRE acquisition
(Yarnykh 2007). Our analysis has focused only on the intrinsic information present in the
signal created by the excitation scheme for each method and does not depend on the particular
readout scheme used for signal acquisition. Our results do take into account the difference
in required TR between the methods, but are independent of the readout scheme used. For
instance, if the phase-sensitive method were implemented with a simple GRE readout, with
one line of k-space acquisition after each excitation, it would take about six times the imaging
time of the AFI method with the same GRE acquisition. This difference in required imaging
time is explicitly taken into account in the results presented above in that we averaged six signal
acquisitions for the AFI method for every one acquisition of the other √
methods. (Equivalently,
the standard deviation of the image noise was decreased by a factor of 6 for the AFI method).
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The difference in required imaging time between the AFI method and the other methods would
be about the same if all methods were implemented with a rapid echo-planar readout or some
other readout scheme. Details of readout implementation have little effect on the accuracy of
the methods.
Other factors influencing the choice of flip angle methods
Practical implementation issues may favor the use of one method over another. For instance,
the phase-sensitive method has been implemented with rapid non-selective RF pulses which
require 3D imaging over the entire sensitive volume of the receive coil, which may lead to long
imaging times (Morrell 2008). This method is less suitable for single-slice flip angle mapping.
The dual-angle and AFI techniques have been implemented as single-slice excitations for
improved imaging speed, but this approach introduces errors in flip angle estimation due to
averaging of flip angle over slice profiles (Cunningham et al 2006). The AFI method can be
implemented in a rapid GRE configuration but has been shown to be very sensitive to RF and
gradient spoiling issues (Nehrke 2009). Our analysis focuses only on the intrinsic accuracy
possible with each technique, independent of other practical considerations.
Conclusion
We have analyzed five methods of flip angle mapping by calculating the PDF of the flip angle
estimate over a range of actual flip angles. We compared the phase-sensitive method, the dualangle method with GRE acquisition, an extended dual-angle GRE method which takes the
phase of the acquisitions into account, the AFI method and an extended AFI method including
phase information. Our analysis shows that performance of the dual-angle and AFI methods
is greatly improved by extending their range of measurable flip angles by incorporating phase
information. This increased range results in smaller relative errors in B1 estimation. However,
the phase-sensitive method was found to give estimates of flip angle with lower mean bias and
standard deviation than the other methods, including the extended versions of the dual-angle
and AFI methods, over a wide range of actual flip angles for equivalent imaging times.
Acknowledgment
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Appendix
A.1. Definition of image noise and system signal to noise ratio (SNR)
The complex value of a given voxel of an MR image at spatial location (x, y, z) can be expressed
as
S(x, y, z) = A(x, y, z) + n(x, y, z),

(A.1)

where A(x, y, z) is the noise-free image and n(x, y, z) is the noise contribution. For the
purpose of our analysis of the accuracy of flip angle mapping methods, we will assume a
uniform signal level and a uniform noise standard deviation over the entire imaging volume
and we will drop the explicit dependence on spatial location from subsequent notation. The
noise sample n can be expressed as the sum of two noise components (Henkelman 1985):
n = n⊥ + in ,

(A.2)
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with n⊥ and n independent Gaussian white noise samples with zero mean and the same
standard deviation σ . The orientation of n can be defined as parallel to the signal vector A,
and n⊥ as orthogonal to A. We define SNR as
|A0 |
,
(A.3)
SNR =
σ
where |A0 | represents the maximum signal amplitude that can be achieved with a perfect 90◦
excitation and infinite TR with no signal loss from T1 or T2 effects.
A.2. Magnitude and phase noise
The signal A can be expressed as a vector A = Ax x̂ +Ay ŷ in the x–y imaging plane. The noisecorrupted signal in a given pixel can then be expressed as S = (Ax + nx )x̂ + (Ay + ny )ŷ where
nx and ny are independent Gaussian white noise samples with standard deviation σ . We can
define random variables x and y representing the x- and y-components of the noise-corrupted
signal, and their joint PDF is


(x − Ax )2 + (y − Ay )2
1
fx,y (x, y) =
exp
−
,
(A.4)
2π σ 2
2σ 2
i.e. the PDF of the noise-corrupted signal is a two-dimensional Gaussian distribution with
mean (Ax , Ay ).
If we express the complex signal A in terms of magnitude ρ and phase φ as A = ρ eiφ , we
can define the random variable m = |A + n| as the magnitude of the noise-corrupted signal,
and the random variable Φ = arg(A + n) as the phase of the noise-corrupted signal. Then, the
joint PDF of m and Φ can be found by converting equation (A.4) to polar coordinates:


m
m2 − 2mρ(cos  cos φ + sin  sin φ) + ρ 2
.
(A.5)
fm,Φ (m, ) =
exp
−
2π σ 2
2σ 2
The PDF of the random variable m has the Rician density (Papoulis 1984):


mρ
m
fm (m) = 2 I0
exp(−(m2 + ρ 2 )/2σ 2 ),
(A.6)
σ
σ2
which is obtained by integrating equation (A.5) with respect to , with
 2π
1
I0 (x) =
ex cos θ dθ
(A.7)
2π 0
the modified Bessel function. For σ  ρ, m has approximately a Gaussian distribution
(Haykin 2001) with m ∼ N(ρ, σ ).
A.3. Phase noise
The PDF of the phase Φ is found by integrating equation (A.5) with respect to m, and is given
by (Blachman (1981))


ρ cos ( − φ)
1
ρ2
fΦ () = exp − 2 +
√
2
2σ
2 2π σ




ρ
ρ2
2
(A.8)
× exp − 2 sin ( − φ) erfc − √ cos ( − φ) ,
2σ
2σ
where the complementary error function is defined as
 ∞
2
erfc(u) = √
exp(−z2 ) dz.
(A.9)
π u
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For σ  ρ, the phase noise Φ − φ can be approximated as
Φ − φ ≈ tan−1 (n⊥ /ρ)

≈ sin−1 (n⊥ /ρ)
≈ n⊥ /ρ

(A.10)

and fΦ () is approximated by the Gaussian distribution N (φ, σ/ρ). This is in contrast to
the distribution of magnitude noise, which for σ  ρ is approximately N (φ, σ ). Thus, the
standard deviation of phase noise is less than that of magnitude noise by a factor of the signal
amplitude.
A.4. Derivation of the PDF of the flip angle estimate for the phase-sensitive method
The signal for a given voxel measured in the first acquisitions in the phase-sensitive technique
is denoted as ρ1 eiφ1 + n1 and that from the second acquisition is denoted as ρ2 eiφ2 + n2 , where
n1 and n2 are two different noise samples. The measured phases from these two acquisitions
are denoted as random variables Φ1 and Φ2 with
Φ1,2 = arg(ρ1,2 eiφ1,2 + n1,2 ).

(A.11)

The random variable Θ is formed as the difference between the phases of the two excitations,
Θ = Φ1 − Φ2 .

(A.12)

Φ1 and Φ2 have PDFs given by equation (A.8) (appendix A.2). The PDF of Θ is given by the
convolution of the PDFs of Φ1 and Φ2 (Papoulis 1984):

fΘ ( ) = fΦ1 ( ) ∗ fΦ2 ( ),

(A.13)

nearly
which can be evaluated numerically. For the case of σ  ρ,

 both Φ1 and Φ2 have
.
Gaussian distributions and the PDF of Θ is approximately N φ1 − φ2 , √ σ2
2
1/ρ1 +1/ρ2

Calculation of the PDF of Θ requires calculation of the nominal (noise-free) magnitude ρ
and phase angle φ of each of the two acquisitions for a given true flip angle α. From (Morrell
2008) we have the following expression for the transverse magnetization measured in the two
acquisitions:
Mz− 4α ωτ
Mz− α sin β 2
2
sin
β
cos
β
−
(α cos 2β + ω2 τ 2 )
β2
β3
M − 2α sin β
My = ± z 3
( ω2 τ 2 cos 2β + α 2 cos β)
β
M − α ωτ
+ z 4
(1 − cos β)(α 2 cos 2β + ω2 τ 2 ),
β

Mx = ±

(A.14)

where ω is the resonance frequency offset due
√ to the chemical shift or B0 inhomogeneity, τ
is a measure of the RF pulse length and β = α 2 + ω2 τ 2 . Mz− represents the longitudinal
magnetization available at the beginning of the excitation. The ± in equation (A.14) is + for
the first acquisition with the positive 2α initial tip, and − for the second acquisition with the
negative 2α initial tip. The magnitude of the resulting image is given by

(A.15)
ρ = Mx2 + My2
and the phase is given by
φ = tan−1 (My /Mx ).

(A.16)

Analysis of flip angle mapping methods

6171

We define a random variable a as the flip angle estimate. Once the PDF of Θ has been
calculated for given values of the flip angle α, off-resonance phase accrual ωτ (depending
on off-resonance frequency ω and RF pulse length τ ), sequence timing parameters TR and
TRmin, and the T1 of the sample, the PDF of a can be calculated using the function
a = g(Θ),

(A.17)

which relates the measured phase angle difference Θ to the flip angle a. Specifically, the PDF
of a is given by (A.17)
fa (a) =

fΘ (g −1 (a))
|g (g −1 (a))|

(A.18)

where g −1 is the inverse of g and g is the derivative of g with respect to its argument.
For the phase-sensitive B1 mapping technique, the closed form of g, g −1 and g is not
straightforward, so we have evaluated them numerically.
A.5. Derivation of the PDF of the flip angle estimate for the dual-angle GRE method
We define the random variable m1 = |ρ1 eiφ1 + n1 | as the magnitude of the first acquisition,
and m2 = |ρ2 eiφ2 + n2 | as the magnitude of the second acquisition. Both m1 and m2 have
the Rician distribution given in equation (A.6) (appendix A.2). Forming the ratio of the two
acquisitions gives the random variable
r = m1 /m2 .

(A.19)

Since the noise in the two acquisitions is independent, the two magnitudes have a joint PDF
equal to the product of their individual PDFs, i.e.
fm1 ,m2 (m1 , m2 ) = fm1 (m1 )fm2 (m2 ) .
The PDF of r is calculated from this joint density according to (Papoulis 1984)
 ∞
|ξ |fm1 ,m2 (rξ, ξ ) dξ.
fr (r) =

(A.20)

(A.21)

−∞

If ρ1
σ and ρ2
σ , then both fm1 (m)and fm2 (m) are nearly Gaussian with means ρ1 and
ρ2 , respectively, and the PDF of r can be approximated by (Papoulis 1984)


rρ1 + ρ2
ρ12 + ρ22
1
fr (r) =
+√
exp −
2
2
π(r + 1)
2σ
2π σ (r 2 + 1)3/2


rρ1 + ρ2
(rρ2 − ρ1 )2
× exp − 2 2
(A.22)
erf
2σ (r + 1)
σ 2(r 2 + 1)
with the error function defined as
 u
2
2
e−y dy.
(A.23)
erf (u) = √
π 0
σ and ρ2
σ does not hold for α near 0◦ or
However, the assumption that ρ1
◦
as α approaches 90 and the PDF of r must be calculated by numerical integration of
equation (A.21).
The noise-free signal magnitudes ρ1 and ρ2 of the two acquisitions can be calculated as
ρ1 = Mz− sin α

(A.24)

ρ2 = Mz− sin 2α

(A.25)

and
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where Mz− is given by equation (3).
Having calculated the PDF of r, we calculate the PDF of the flip angle estimate a according
to
fr (g −1 (a))
,
(A.26)
fa (a) =
|g (g −1 (a))|
where the function g relates the measured ratio r to the flip angle estimate a:
a = g(r).

(A.27)

For the dual-angle GRE method,
 
1
g(r) = cos−1
,
2r
1
g −1 (a) =
,
2 cos a
1
.
g (r) = √
r 4r 2 − 1

(A.28)

A.6. Derivation of the PDF of flip angle estimate for the extended dual-angle method
For this analysis, we have designated the two acquisitions in the extended dual-angle method as
‘in phase’ if the phase of the second acquisition differs from the phase of the first acquisitions
by less than ±90◦ . These measurements are interpreted as representing flip angles between
0◦ and 90◦ . The two acquisitions are considered to be ‘out of phase’ if the phase of the
second acquisition varies from that of the first acquisition by more than ±90◦ . These
measurements are interpreted to represent flip angles from 90◦ to 180◦ . As for the nonextended dual-angle method, the noise-corrupted image magnitude of the two acquisitions is
represented by the random variables m1 = |ρ1 eiφ1 + n1 | and m2 = |ρ2 eiφ2 + n2 |. The noisecorrupted image phase is represented by the random variables Φ1 = arg(ρ1 eiφ1 + n1 ) and
Φ2 = arg(ρ2 eiφ2 + n2 ). The noise-free image magnitudes ρ1 and ρ2 are given by equations
(A.24) and (A.25), respectively, the same as for the non-extended dual-angle method.
To calculate the PDF of the flip angle estimate for this extended dual-angle GRE method,
we need the PDF of the ratio of the two acquisition magnitudes m1 and m2, which can be
calculated from the joint PDF of m1 and m2 as shown in equation (A.21). To incorporate
the phase of the two acquisitions into this analysis, we will designate the ratio r = m1 /m2 as
positive if the two acquisitions are in-phase and negative if they are out of phase.
Because the noise in the two acquisitions is independent, the joint PDF of the magnitude
and phase of both acquisitions is given by
fm1 ,m2 ,1 ,2 (m1 , m2 , 1 , 2 ) = fm1 ,Φ1 (m1 , 1 )fm2 ,Φ2 (m2 , 2 )

(A.29)

with the joint PDF of the magnitude and phase of each acquisition fm1,2 1,2 (m1,2 , 1,2 ) given
by equation (A.5) (appendix A.2). Then for positive r, corresponding to in-phase signal
acquisitions, the joint PDF of m1 and m2 is
 2π  2 +π/2
fm+1 ,m2 (m1 , m2 ) =
fm1 ,m2 ,1 ,2 (m1 , m2 , 1 , 2 ) d1 d2 ,
(A.30)
0

2 −π/2

while for negative r, corresponding to out-of-phase signal acquisitions, the joint PDF of m1
and m2 is
 2π  2 +3π/2
−
fm1 ,m2 (m1 , m2 ) =
fm1 ,m2 ,1 ,2 (m1 , m2 , 1 , 2 ) d1 d2 .
(A.31)
0

2 +π/2
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The PDF of the signal ratio r is then calculated as
 ∞
|ξ |fm+1 ,m2 (rξ, ξ ) dξ
−∞
fr (r) =  ∞
|ξ |fm−1 ,m2 (|r|ξ, ξ ) dξ
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for positive r
(A.32)
for negative r.

−∞

The relationships between the measured magnitude ratio r and flip angle estimate a are given
by
 
1
−1
g(r) = cos
2r
1
(A.33)
g −1 (a) =
2 cos a
1
g (r) = √
,
|r| 4r 2 − 1
which are nearly the same as for the limited dual-angle GRE method.
A.7. Derivation of the PDF of the flip angle estimate for the AFI method
We will denote the magnitude of the noise-free image formed with the shorter TR1 as ρ1 and
the image formed with the longer TR2 as ρ2 . (This notation is reversed from Yarnykh (2007)
for consistency with the above discussion of the other methods.) We again form the random
variables m1 = |ρ1 eiφ1 + n1 |, m2 = |ρ2 eiφ2 + n2 | and r = m1 /m2 . Again, the PDFs of m1
and m2 are Rician, given by equation (A.6) (appendix A.2), and the PDF of r is given by
equations (A.21) and (A.22).
Expressions for ρ1 and ρ2 are obtained from Yarnykh (2007), neglecting T2 relaxation, as
ρ1 = M0 sin α

1 − E1 + (1 − E2 ) E1 cos α
1 − E1 E2 cos2 α

(A.34)

and
1 − E2 + (1 − E1 ) E2 cos α
(A.35)
1 − E1 E2 cos2 α
with E1 = exp (−TR1 /T1 ) and E2 = exp (−TR2 /T1 ). Having the PDF of r, we calculate the
PDF of the flip angle estimate a according to equation (A.26) with


rn − 1
g(r) = cos−1
n−r
1
+
n
cos
a
(A.36)
g −1 (a) =
n + cos a
√
− n2 − 1
g (r) =
.
√
(n − r) 1 − r 2
ρ2 = M0 sin α

A.8. Derivation of the PDF of the flip angle estimate for the extended AFI method
As for the AFI method, we form the random variables m1 = |ρ1 eiφ1 + n1 | and m2 =
|ρ2 eiφ2 + n2 | representing the magnitude of the two acquisitions. We define the random
variables Φ1 = arg(ρ1 eiφ1 + n1 ) and Φ2 = arg(ρ2 eiφ2 + n2 ) as the phase of the two
acquisitions. We define the ratio r = m1 /m2 as positive if the phase of the two acquisitions
differs by less than ±90◦ , and negative if the phase of the second acquisition differs from the

6174

G R Morrell and M C Schabel

phase of the first acquisition by more than ±90◦ . The noise-free image magnitudes ρ1 and ρ2
are given by equations (A.34) and (A.35). The PDF of r is then found using the same method
outlined for the extended dual-angle method, expressed in equations (A.29)–(A.32). From
the PDF of r, the flip angle estimate is formed according to equation (A.26) with the function
g (r) having the same form as for the non-extended AFI method, given by equation (A.36).
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